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Abstract:
Spontaneous imbibition is a crucial process for oil recovery from fractured and uncon-
ventional reservoirs. Herein, with the assumption of capillaries being independent, a new
mathematical model for spontaneous imbibition is proposed and solved using a numerical
method. The simulated results show that the wetting phase preferentially enters smaller
capillaries where the advancement velocity is higher than that in larger ones, while the
non-wetting phase can be displaced out in the larger capillaries. In addition, the effect
of fluid viscosity ratio on counter-current imbibition is analyzed. The results show that
imbibition velocity becomes higher with the increase in the viscosity ratio. When the
viscosity of the non-wetting phase is larger than that of the wetting phase, the end pressure
gradually increases as the imbibition front advances. In contrast, when the viscosity of
the non-wetting phase is less than that of the wetting phase, the end pressure decreases
with the infiltration. With a higher viscosity ratio of non-wetting and wetting phase, the
heterogeneity of the interface advancement among different capillaries increases.

1. Introduction
When porous media suck in wetting phase fluid and

discharge non-wetting phase fluid owing to the presence
of capillary pressure, this phenomenon is called imbibition
(Morrow and Mason, 2001; Cai et al., 2021). The essence
of imbibition is the change in interface energy, which is
expressed in the form of capillary pressure (Shen et al.,
2020). The contact mode between porous media and fluid
is known as the boundary condition of imbibition (Haugen
et al., 2014). The contact modes between porous media and
wetting and non-wetting phases are complex and diverse,
resulting in the diversity of infiltration boundary conditions
(Zhang et al., 1996; Xiao et al., 2019; Gong et al., 2021).
Overall, the infiltration boundary conditions can be divided
into single boundary and mixed boundary (Pooladi-Darvish

and Firoozabadi, 2000). In the former case, the open surface
of porous media is completely covered by the wetting phase
fluid (Mason et al., 2010). By comparison, under the mixed
boundary condition, the open surface of porous media partially
contacts the wetting phase fluid as well as the non-wetting
phase fluid (Qin et al., 2022). Imbibition can generally be
divided into two modes: co-current imbibition and counter-
current imbibition (Bourblaux and Kalaydjian, 1990). When
the non-wetting phase fluid is discharged through the contact
surface between porous medium and wetting phase fluid, it is
called counter-current imbibition. In this case, the discharge of
non-wetting phase needs to overcome capillary back pressure
(Unsal et al., 2007; Nooruddin and Blunt, 2016; Foley et al.,
2017). In co-current imbibition, non-wetting phase fluid is
discharged through the contact surface between the porous
medium and the non-wetting phase fluid. As a result, the
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Fig. 1. Schematic diagram (a) and pressure distribution (b) of counter-current infiltration in five independent capillaries with
different diameters.

discharge of non-wetting phase does not need to overcome the
capillary back pressure (Meng et al., 2017a; Wang et al., 2021).
For a single boundary condition, the non-wetting phase can
only be discharged through counter-current imbibition (Abd et
al., 2019; Zhou et al., 2019). For mixed boundary conditions,
however, the non-wetting phase can be discharged by both
co- and counter-current imbibition, although the majority of
the production is driven by co-current imbibition (Mason and
Morrow, 2013).

The capillary bundle model is often used to study the
mechanism of imbibition because of its simple and intuitive
characteristics (Wang and Dong, 2011; Cai et al., 2014;
Gorce et al., 2016; Zhao et al., 2021). For a single capillary,
the imbibition rate depends on capillary pressure and flow
resistance (Kim et al., 2021; Cheng et al., 2022). Specifically,
the capillary pressure is inversely proportional to the capillary
radius, and the flow resistance is inversely proportional to the
square of the capillary radius. Considering the effects of both,
the smaller the capillary radius, the slower the infiltration rate.
Macroscopically, the lower the permeability, the slower the
imbibition (Meng et al., 2017b; Yang et al., 2019). In the
early stage of research, Washburn (1921) used a single cap-
illary to study the migration characteristics of gas-water two-
phase interface, obtained the analytical equation of interface
migration by a theoretical derivation method, and established
the classical Lucas-Washburn imbibition equation, that is, the
amount of imbibition is directly proportional to the square
root of imbibition time (Washburn, 1921). Cai et al. (2010)
established a co-current imbibition mathematical model based
on fractal theory while considering the influence of tortuosity.
Cai and Yu (2011) proposed that the imbibition index is not
always equal to 0.5 and is also related to the tortuosity of
the porous media. Dong et al. (2005, 2006) and Wang et
al. (2011) established idealized connected capillary models
with mixed boundary conditions. Due to the interconnection

among the capillaries, the larger capillary pressure in smaller
capillaries will form a resistance effect on the fluid flow in
larger capillaries, resulting in a higher propulsion speed of the
two-phase interface in smaller capillaries.

At present, most of the modelling work on capillary imbi-
bition is focused on co-current imbibition, while less research
has targeted the counter-current imbibition phenomenon. Due
to its simple and intuitive characteristics, the capillary model
has been an effective tool to characterize the behaviour and
study the mechanism of counter-current imbibition. Mean-
while, based on the infiltration characteristics of the capil-
lary model, it can better explain the macro-phenomenon of
counter-current imbibition and provide a theoretical basis for
the study of infiltration. With a focus on the independent
capillary model, this paper proposed the mathematical model
of capillary model, followed by the analysis of the velocity
characteristics of counter-current imbibition. The effect of
fluid viscosity ratio on the imbibition process is principally
investigated.

2. Mathematical model of imbibition in five
capillaries

In this work, five independent cylindrical capillary tubes
are initially filled with non-wetting phase fluid. The influ-
ence of gravitational force is ignored. The outer ends of the
capillaries contact the wetting phase directly, while the other
ends of the capillaries are closed. Due to the capillary force,
the capillary spontaneously absorbs the wetting phase without
external force, and the non-wetting phase will be displaced
from the larger capillaries. The schematic diagram of fluid
distribution and pressure distribution in the capillary during
infiltration is shown in Fig. 1.

It is assumed that single-phase flow in any tube is described
by the Hagen-Poiseuille formula (Ruth and Bartley, 2002;
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Gong and Piri, 2020):

Qα =
πr4

α

8µα

dPα

dx
(1)

where α represents the phase index, Q is the fluid rate; r is
the capillary radius; P is the pressure; µ is the viscosity; x is
the distance from the penetration leading edge to the inlet end.
The flow rates of wetting phase and non-wetting phase in each
capillary are equal. The flow rate in each capillary is obtained
by describing the flow rate of wetting and non-wetting phases
in their corresponding region, as:

Qi =
πr4

i (Pin −Pwi)

8µwxi
=

πr4
i (Pnwi −Pend)

8µnw (L− xi)
(2)

where the subscript i represents the ith capillary; Pin is the inlet
pressure of wetting phase; Pend is capillary end pressure; Pwi
and Pnwi are the pressure of wetting phase and non-wetting
phase at the interface; µw and µnw are the viscosity of wetting
phase and non-wetting phase; L is the capillary length.

We assume that the direction of the wetting phase entering
the capillary is positive, i.e., Qi > 0, and the direction of
non-wetting phase discharging from capillary is negative, i.e.,
Qi < 0.

The capillary pressure is equal to the difference between
non-wetting phase pressure and wetting phase pressure at the
imbibition front, as:

Pci = Pnwi −Pwi (3)
where Pci is the capillary pressure of the ith capillary.

Finally, from the law of conservation of mass:
5

∑
i=1

Qi = 0 (4)

Without considering the effect of gravity, a model of spon-
taneous imbibition with five capillaries is established using the
Hagen-Poiseuille expression, capillary pressure formula and
mass conservation law.

3. Solution of mathematical model
It is known that the diameters of the five capillary tubes

are D1, D2, D3, D4, and D5 respectively, the length of the five
capillary tubes is L, the viscosity of the wetting phase and non-
wetting phase fluid is µw and µnw, respectively, the interfacial
tension of the wetting phase and non-wetting phase is σ , and
the pressure at the inlet of the capillary wetting phase is Pin.
Based on these known parameters, the numerical method is
used to solve the model.

The capillary pressure is calculated according to the fol-
lowing formula:

Pci =
2σ cosθ

ri
(1 ≤ i ≤ 5) (5)

where the contact angle θ is 0 in this work, σ is the interfacial
tension between wetting phase and non-wetting phase.

Assuming that the time step is n, the advancement distances
of wetting phase in the capillary are xn

1, xn
2, xn

3, xn
4 and

xn
5, respectively. According to the advancement distance, the

below solution derivation is made.
For the first capillary, Eq. (6) can be obtained according to

Eq. (3), then Eq. (6) can be substituted into Eq. (2) to obtain
Eq. (7). Finally, Eq. (8) of Pnwi represented by Pend can be
obtained:

Pwi = Pnwi −Pci (6)

πr4
i (Pin +Pci −Pnwi)

8µwxn
i

=
πr4

i (Pnwi −Pend)

8µnw (L− xn
i )

(7)

Pnwi =
µwxn

i Pend +µnw (L− xn
i )(Pin +Pci)

µwxn
i +µnw (L− xn

i )
(8)

Substituting Eq. (8) into Eq. (2) can yield the formula of
Qi represented by Pend :

Qi =
πr4

i (Pnwi −Pend)

8µnw (L− xn
i )

=
πr4

i (Pin +Pci −Pend)

8µwxn
i +8µnw (L− xn

i )
(9)

The derived Eq. (9) is substituted into the law of conser-
vation of mass Eq. (4) to obtain Eq. (10), as:

πr4
1 (Pin +Pc1 −Pend)

8µwxn
1 +8µmw

(
L− xn

1

) + πr4
2 (Pin +Pc2 −Pend)

8µwxn
2 +8µnw

(
L− xn

2

)+
πr4

3 (Pin +Pc3 −Pend)

8µwxn
3 +8µnw

(
L− xn

3

) + πr4
4 (Pin +Pc4 −Pend)

8µwxn
4 +8µnw

(
L− xn

4

)+
πr4

5 (Pin +Pc5 −Pend)

8µwxn
5 +8µnw

(
L− xn

5

) = 0

(10)

The formula for solving the pressure Pend at the bottom of
the non-wetting phase in the capillary at the nth time step can
be obtained as:

ai =
r4

i
µwxn

i +µnw (L− xn
i )

(i = 1,2,3,4,5) (11)

Eq. (11) is used to simplify and solve Eq. (10).

Pend = a1(Pin+Pc1)+a2(Pin+Pc2)+a3(Pin+Pc3)+a4(Pin+Pc4)+a5Pc5
a1+a2+a3+a4+a5

(12)
According to Eq. (12), Pend can be calculated. Then, based

on Eqs. (8) and (9), the pressure of the non-wetting phase fluid
(Pnw1, Pnw2, Pnw3, Pnw4 and Pnw5) and the fluid flow rate (Q1,
Q2, Q3, Q4 and Q5) can all be calculated.

After obtaining the flow rate of each section of the cap-
illary, the flow velocity of each capillary at the nth time step
can be obtained according to the formula:

vn
i =

Qi

πr2
i

(13)

Based on the nth time step, the time increase is ∆t. At this
time, the model is in the (n+1)th time step, and the total time
is:

tn+1 = tn +∆t (14)
On the basis that ∆t is infinitely close to 0, the velocity

at this time can follow the velocities (vn
1, vn

2, vn
3, vn

4 and
vn

5) calculated in the nth time step. Therefore, the cumulative
advancement distance of the wetting phase in each capillary
at tn+1 is:

xn+1
i = xn

i + vn
i ∆t (15)
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Fig. 2. Flowchart for solving the spontaneous imbibition model
of five independent capillaries.

According to Eq. (15), the advancement distances (xn+1
1 ,

xn+1
2 , xn+1

3 , xn+1
4 and xn+1

5 ) of the wetting phase in the capillary
at the (n+1)th time step are obtained. By substituting xn+1

1 ,
xn+1

2 , xn+1
3 , xn+1

4 and xn+1
5 into Eqs. (11) and (12), the Pend at

the (n+1)th time step is obtained. By bringing the calculated
Pend into Eqs. (8) and (9), it is possible to calculate the pressure
Pnw1, Pnw2, Pnw3, Pnw4 and Pnw5 of the non-wetting phase fluid
at the imbibition front in the capillary at the (n+1)th time step,
the fluid rates Q1, Q2, Q3, Q4 and Q5, and the velocities vn+1

1 ,
vn+1

2 , vn+1
3 , vn+1

4 and vn+1
5 . According to the velocity of the

(n+1)th time step, the wetting phase advancement distance at
the (n+2)th time step can be obtained from Eq. (15).

Similarly, the advancement distance, advancement velocity,
the pressure of wetting phase and non-wetting phase at the
advancing front, the end pressure of the non-wetting phase
fluid in the capillary, and the fluid flow in the capillary can be
obtained for each time step in the process of fluid spontaneous
imbibition of five capillaries.

In the process of spontaneous imbibition of the five cap-
illaries, the capillaries start to displace the non-wetting phase
when the wetting phase advancement distance in the capillary
is less than or equal to 0 (x≤ 0). At this time, the advancement
distance of the wetting phase in the capillary that discharges
the non-wetting phase fluid is zero. Taking the non-wetting
phase discharged from the fifth capillary as an example, the
flow control equation of the fifth capillary can be obtained by

substituting x5 = 0 into Eqs. (8) and (9). Similarly, the solution
can be obtained when other capillaries discharge non-wetting
phase. The solution flowchart is shown in Fig. 2.

It is assumed that the starting time for imbibition in the
initial state of the model is t1 = 1×10−4 s (infinitely close to
0). The initial advancement distance of the wetting phase fluid
in the five capillaries (xn=1

1 , xn=1
2 , xn=1

3 , xn=1
4 , xn=1

5 ) needs to be
given prior to be updated in the following time steps. Accord-
ing to the capillary pressure of each capillary, the relationship
between the wetting phase advancement distances of the five
capillaries in the initial state is x1 > x2 > x3 > x4 > x5, and
they all approach zero infinitely. It is worthwhile mentioning
that because the displacement in the initial state (n = 1) is
infinitely close to zero, it has little impact on the accuracy
of the solution of the imbibition process. In this regard,
the initial displacements are set to be xn=1

1 = 1 × 10−5 m,
xn=1

2 = 0.9×10−5 m, xn=1
3 = 0.8×10−5 m, xn=1

4 = 0.7×10−5

m, and xn=1
5 = 0.6×10−5 m. The pressure Pin at the inlet of

the capillary tubes is set as 0 Pa during the infiltration process,
and the time step ∆t is 1×10−4 s.

In summary, without considering the effect of gravity, a
spontaneous imbibition model in which the wetting phase
displaces the non-wetting phase in five independent capillar-
ies is established by using the Hagen-Poiseuille expression,
capillary pressure formula, and mass conservation law. When
the interval between time steps is very small, the propulsion
velocity of the wetting phase or the discharge velocity of the
non-wetting phase obtained in the previous time step can be
used as the imbibition velocity under capillary pressure at the
imbibition front in the next time step to update the quantities.
In this way, the advancement distance, advancement velocity,
the pressure of wetting phase and non-wetting phase at the
advancing front, the bottom pressure of non-wetting phase
fluid in the capillary, and the fluid flow in the capillary can be
obtained at each time step in the process of fluid imbibition
in the five capillaries.

4. Results and discussion
In this work, the process of spontaneous imbibition of the

wetting phase fluid at one end of five capillaries with different
diameters and displacement of non-wetting phase fluid in
capillaries was simulated. The spatial-temporal characteristics
of the advancement distance and velocity of the wetting phase
in the capillary under different viscosity ratios, the water
saturation ahead of the imbibition front, and the evolution of
pressure at the end of the capillary over time were analyzed.
Table 1 shows the relevant parameters of the imbibition model.

The capillary pressure is inversely proportional to the
capillary radius, and the flow resistance is inversely propor-
tional to the square of the capillary radius. Considering these
combined effects, the smaller the capillary radius, the slower
the imbibition speed (Mason and Morrow, 2013). However, the
calculation results in this paper show that the wetting phase
fluid preferentially enters the smaller capillary, and the non-
wetting phase fluid is discharged from the larger capillary. In
addition, for the water-absorbing capillaries, the advancement
velocity of the interface in the smaller capillary is higher than
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Table 1. Basic parameters of model.

Parameter Value

Capillary length (m) 8×10−3

The first capillary diameter (m) 0.20×10−3

The second capillary diameter (m) 0.25×10−3

The third capillary diameter (m) 0.30×10−3

The fourth capillary diameter (m) 0.35×10−3

The fifth capillary diameter (m) 0.40×10−3

The wetting phase viscosity (mPa·s) 0.1, 1, 10

The non-wetting phase viscosity (mPa·s) 1

Interfacial tension (mN/m) 32
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Fig. 3. Evolution of capillary end pressure at different viscosity
ratios.

that in the larger capillary. Without additional displacement
force (i.e., Pin = 0), it can be seen from Eqs. (9) and (13) that
the advancement velocity increases with the decrease in capil-
lary radius. Therefore, the wetting phase preferentially enters
the smaller capillaries where it advances faster.

Firstly, end pressure is an important parameter for analyz-
ing the imbibition characteristics of this mode, and this part is
to analyze Pend with different viscosity ratios. Fig. 3 shows the
curves of capillary end pressure at different viscosity ratios,
where the viscosity ratio is the ratio of the viscosity of the non-
wetting phase to that of the wetting phase. Since the model
begins calculation under the same initial displacements, the
initial end pressure values of different viscosity ratios are the
same as those from Eqs. (11) and (12).

For µnw/µw = 1, with the capillaries absorbing the wetting
phase and discharging the non-wetting phase, the total viscos-
ity of the fluid filled with the capillaries is constant. It is clear
that the resistance of the whole imbibition process remains
unchanged, and the model does not exert additional displace-
ment force. Therefore, the end pressure is constant throughout
the process (red curve in Fig. 3). When the viscosity of the
non-wetting phase is constant, the viscosity ratio is altered

by changing the viscosity of the wetting phase. When the
viscosity of the wetting phase is greater than that of the non-
wetting phase (i.e., µnw/µw < 1), the viscous resistance of the
wetting phase fluid flow continues to rise. The reason is that
the viscosity resistance is proportional to the viscosity, and the
flow distance of the wetting phase continues to increase with
the flow in this model. In this way, the pressure consumed by
the wetting phase flow increases, and the pressure decreases
as the fluid reaches the end of the capillary. Consequently, the
end pressure decreases continuously for µnw/µw = 0.1 (blue
curve in Fig. 3). Conversely, the viscous resistance of wetting
phase fluid flow continues to decrease when µnw/µw > 1. The
pressure consumed by the wetting phase flow decreases, and
the pressure increases as the fluid reaches the end of the
capillary. Therefore, the end pressure increases continuously
for µnw/µw = 10 (black curve in Fig. 3). The above are the
main characteristics of Pend at different viscosity ratios during
the flow process.

Based on the analysis of end pressure, the flow charac-
teristics in each capillary under different viscosity ratios are
analyzed (Fig. 4). For µnw/µw = 1, the resistance and end
pressure of the whole imbibition process remain constant (Fig.
3). Therefore, the velocity of fluid in each capillary remains
unchanged, as shown in Fig. 4(b). In addition, the end pressure
is higher than the capillary pressure Pc4, which causes the
capillary with diameter D4 to become an oil drainage channel
(i.e., v4 < 0 in Fig. 4(b)).

For µnw/µw < 1, the viscous resistance of wetting phase
fluid flow continues to increase, and the model does not
exert additional displacement force. Consequently, the over-
all imbibition rate of the model consistently slows down.
Although the end pressure decreases continuously, Pend is
initially greater than Pc4. As the flow progresses, the capillary
with diameter D4 will change from an oil drainage channel
to a water absorption channel (i.e., v4 in Fig. 4(a)). The
advancement velocity of the interface increases due to the
pressure difference formed by capillary pressure in the tube
after the change of channel type. Subsequently, it decreases as
the viscous resistance increases. Regardless of how the Pend
decreases, it is greater than Pc5; therefore, the capillary with
diameter D5 is always the oil drainage channel in this model,
whereas the channel type of capillary D4 is variable.

In the process of imbibition, when the viscosity of the
non-wetting phase is greater than the viscosity of the wetting
phase, the viscous resistance of wetting phase fluid flow
continues to decrease and the overall displacement velocity
increases continuously. Therefore, the imbibition velocity in-
creases slightly at the early stage of imbibition, and it increases
greatly in the later period. For the capillary with diameter
D1, the capillary pressure is the largest, the influence of end
pressure is small, and there are more wetting phases in the
tube. Thus, the advancement resistance of the wetting phase
in the first capillary is greatly reduced, resulting in a significant
increase in the advancement velocity in the later stage (i.e., v1
in Fig. 4(c)). For D2 and D3, the capillary pressure is smaller.
The increasing advancement resistance with the increasing
end pressure is greater than the decreasing resistance with
more and more wetting phases in the tube. Therefore, the
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Fig. 4. Advancement distance and velocity curve in capillary tubes at different viscosity ratios (the direction of wetting phase
flow into the capillary is positive; the direction of non-wetting phase flowing out of the capillary is negative).

advancement velocity in the capillaries with diameters D2 and
D3 decreases in the later stage. Since the end pressure of
the capillary tube is greater than the capillary pressure Pc4,
the non-wetting phase is discharged from the capillaries with
diameters D4 and D5.

In the process of imbibition, it is necessary to study the
heterogeneity of how the imbibition front advances at different
viscosity ratios. Fig. 5 presents the curves of water saturation
ahead of the imbibition front at different viscosity ratios.
When this saturation is high, the difference in the advancement

of wetting phase in each capillary is small, meaning that
the advancement is more uniform. On the other hand, the
advancement becomes uneven when the water saturation is
low. Thus, the water saturation ahead of the imbibition front
can directly reflect the heterogeneity of imbibition, making it
easier to study the heterogeneity of the advancement of the
imbibition front.

As the wetting phase advances, the end pressure remains
unchanged and the flow velocity of fluid in each capillary is
constant for µnw/µw = 1, as shown in Fig. 4(b). Therefore, the
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Fig. 5. Curves of water saturation ahead of imbibition front
at different viscosity ratios (this water saturation refers to the
total water saturation of five capillaries ahead of the imbibition
front of the smallest capillary).

water saturation of the advancing front does not change (red
curve in Fig. 5). The heterogeneity of the advancement of
imbibition front also remains unaltered. For µnw/µw < 1, the
viscous resistance of wetting phase fluid flow continues to
increase and the velocity of displacement of the non-wetting
phase becomes smaller and smaller as the wetting phase
advances during the process of imbibition. Therefore, as shown
in Fig. 4(a), the difference in advancement velocity becomes
gradually smaller. Then, the interface advancement is more and
more uniform, and the water saturation of the advancing front
becomes increasingly larger. For µnw/µw > 1, as the wetting
phase advances, the viscous resistance of wetting phase fluid
flow continues to decrease. In the water absorbing capillaries,
the difference between the flow velocity of the wetting phase
in small capillaries and that in other capillaries is growing,
as shown in Fig. 4(c). Therefore, the difference between the
advancement of the wetting phase and the non-wetting phase
interface becomes gradually larger, and the water saturation of
the advancement front becomes gradually smaller.

When comparing the changes in the water saturation the
imbibition front with three different viscosity ratios, the water
saturation decreases when µnw/µw > 1. It is shown that the
wetting phase advances more and more unevenly when the
viscosity of the wetting phase is less than that of the non-
wetting phase. This is because the viscous resistance of wet-
ting phase fluid flow continues to decrease compared with the
scenario of µnw/µw = 1. The difference in capillary pressure
allows the small capillary to advance very quickly. Therefore,
when µw < µnw, the heterogeneity in the advancement of
interfaces becomes stronger and the water saturation ahead
of the imbibition front becomes smaller. In the same way, the
interface advances more and more uniform for µw > µnw.

5. Conclusions
1) When the viscosity ratio is greater than 1, the imbibition

rate becomes increasingly faster with the process of
imbibition. When the viscosity ratio is less than 1, the

imbibition speed becomes slower with the advancement
of imbibition.

2) The higher the viscosity ratio of non-wetting phase to
wetting phase, the more oil discharge channels, that is,
the smaller capillaries are more likely to discharge oil.

3) The higher the viscosity ratio, the greater the end pressure
of capillary in the process of imbibition. Meanwhile, the
lower the viscosity ratio, the smaller the end pressure
of capillary. When the viscosity ratio is greater than
1, the end pressure increases with the advancement of
imbibition. Meanwhile, when the viscosity ratio is less
than 1, the end pressure decreases with the imbibition
progressing.

4) The smaller the viscosity ratio, the more uniform the
interface advancement between different capillaries, and
the greater the water saturation ahead of the imbibition
front; the larger the viscosity ratio, the greater the differ-
ence in advancement distances, and the smaller the water
saturation ahead of the imbibition front.
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