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Abstract:
The microscale liquid flow in nanoscale systems considering slip boundary has been
widely studied in recent years, however, they are limited to single-phase flow. As in
nature, multicomponent and multiphase flows can also exist with non-zero slip velocities,
such as oil/water slip flow in nanoporous shale. In this paper, a novel multicomponent-
multiphase multiple-relaxation-time lattice Boltzmann method with a combinational slip
boundary condition is developed to study the two-phase slip flow behaviors. The proposed
combined slip boundary condition is derived from adjustments to the conventional
diffusive Maxwell’s reflection and half-way bounce-back scheme boundary parameters,
incorporating a compelled conservation requirement. With the analysis of simulations for
the layer, slug, and droplet types of two-phase flow in single pores, and two-phase flow in
porous media with complex wall geometry, it can be concluded that the proposed schemes
of two-phase slip boundary conditions are particularly suitable for multicomponent and
multiphase flow with a non-zero slip velocity. The proposed model can be used to determine
relative permeability and simulate spontaneous imbibition in particular in shale reservoirs
where those flow properties are hard-to-determine.

1. Introduction
Boundary slip is a crucial phenomenon governing liquid

flow in nanoscale environments. A comprehensive comprehen-
sion of confined liquid flow behaviors within such spaces holds
significant scientific and practical significance, encompassing
applications in shale reservoirs (Zhang et al., 2018; Seyyedat-
tar et al., 2019; Zhang et al., 2020; Ham et al., 2022), water
purification (Das et al., 2014), catalysis in fuel cells (Shin
et al., 2018), biochemical nanosensors (Cui et al., 2001) and
drug delivery across biological cell membranes (Gravelle et
al., 2013; Geng et al., 2014). While liquid flow within a single
pore can be described using a conventional no-slip continuity
equation, in nanopores, the presence of slip boundary can lead
to actual flow rates of confined liquid that are potentially a

hundredfold greater than those predicted by the no-slip Hagen-
Poiseuille (HP) equation (Wu et al., 2017). Moreover, the
conventional equation can not accurately capture the complex
boundary conditions of fluid flow in the nanoporous medium
(Feng et al., 2020).

Over the past decade, numerous researchers have con-
ducted theoretical analyses to investigate the flow behaviors
of single-phase fluids in nanoscale environments. Mattia and
Calabrò (2012) adapted the HP equation to incorporate solid-
liquid interactions, enabling the exploration of confined water
flow within carbon nanotubes. Their study encompassed an
analysis of how pore sizes and wall surface chemistry im-
pact water flow capacity. Notably, the researchers identified
slip boundaries arising from solid-liquid interactions, further
revealing that these interactions introduce heterogeneous vis-
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cosity within nanopores. Gravelle et al. (2013) investigated
water flow through the hourglass shape of aquaporins with
slip boundaries and discussed the interactions between slip
boundaries and entrance effects. Zhang et al. (2017b) intro-
duced an apparent permeability model to characterize the flow
of shale oil by modifying the HP equation. Nonetheless, the
intricate nature of the two-phase flow, involving slip velocity
effects, it is difficult to characterize it by using theoretical
equations except for some specific two-phase distributions,
such as layered flow.

Furthermore, theoretical work considering slip effects on
the two-phase layered flow has been carried out. Utilizing
the modified slip boundary conditions, derived from the
continuity-based HP equation, a novel relative permeability
model specifically tailored to characterize gas-water two-phase
flow in the nanoporous medium by Zhang et al. (2017a), how-
ever, their model was only suitable for the circular nanopore.
Several works on oil-water flow under nano-confinement have
been developed (Cui et al., 2019; Wang et al., 2022). Ac-
cording to the past model (Zhang et al., 2017a), Wang et
al. (2019) developed a relative permeability model of oil-
water flow with the slip boundary in the nanoporous medium,
they found that the slip length is greatly related to the wet-
tability. Subsequently, Zhan et al. (2020) employed molecular
dynamics simulations (MDS) to modify Wang et al. (2019)’s
model by considering liquid-liquid slip, a factor frequently
disregarded in theoretical models.

Nonetheless, the aforementioned theoretical studies, which
rely on a liquid layered distribution model within a single pore,
face challenges in adequately addressing engineering applica-
tion requirements. This challenge is particularly pronounced
when dealing with intricate two-phase distributions occurring
within porous media. Hence, the lattice Boltzmann method
(LBM), as a direct simulation approach, finds extensive utiliza-
tion for investigating liquid flow, particularly within intricate
nanoporous media. The application of LBM is implemented
by Zhang et al. (2022) to examine the interaction between
capillary and viscous forces within a three-phase system. The
forced imbibition process in natural rocks at four different
injection rates is investigated via LBM (Liu et al., 2022). Zhao
et al. (2018) employed the multiple-relaxation-time (MRT)
LBM, utilizing slip length and effective viscosity data from
MDS, to investigate the flow behaviors of water and alkanes
within quartz nanoporous media. The study encompassed an
analysis of contact angle mechanisms and end effects. Zhang et
al. (2020) developed a novel LBM to investigate water flow in
nanoporous structures in the shale which built a base to upscale
the microporous structure. Zhao et al. (2021) adopted LBM to
study the impact of nanopores geometry structure on confined
water flow and established empirical formulas with differ-
ent shapes based on the simulation structures. In the realm
of two-phase flow, a variety of multicomponent-multiphase
(MCMP) lattice Boltzmann models exist, among them being
the color-gradient model (Gunstensen et al., 1991), Shan-Chen
(pseudopotential) model (Shan and Chen, 1993; Shan and
Doolen, 1995), and free energy model (Swift et al., 1996).
Because of its simplicity and computational efficiency (Yang
and Boek, 2013; Li and Luo, 2014; Zacharoudiou et al., 2018),

the Shan-Chen pseudopotential model is very prevalent in
the lattice Boltzmann (LB) community. Recently, Zhang et
al. (2021) developed a pseudopotential-based LBM to in-
vestigate the gas-water two-phase flow in shale, however,
their model is not suitable for two-phase flow with non-zero
boundary slip velocity. Although LBM can precisely describe
the fluid flow in the actual porous medium, its scale is still
limited. Nevertheless, the combination of LBM and the pore
network model (PNM) provides a novel way to upscale the
problems of flow in the porous medium (Zhao et al., 2023).
A novel PNM coupling the interphase drag and boundary
slip was established to investigate the water-oil displacement
process in low permeability porous media (Qin et al., 2023).

Accurate slip boundary conditions are crucial in nanoscale
simulations to uphold the precision of LB simulation out-
comes. Within the LB community, slip boundary conditions
encompass bounce-back (BB), specular reflection (SR), and
diffusive Maxwellian reflection (DM) (Wang et al., 2018).
Nonetheless, these boundary conditions with the limitations
of numerical errors, are not consistent with some analytical
results hence over-predicting the slip velocity (Ansumali and
Karlin, 2002; Lim et al., 2002; Nie et al., 2002; Verhaeghe
et al., 2009). Addressing the aforementioned limitations, re-
searchers introduced combined approaches for boundary con-
ditions, including BB-SR (BSR) (Succi, 2002), DM-SR (DSR)
(Tang et al., 2005; Szalmás, 2006), and DM-BB (DBB) (Guo
et al., 2011; Yang et al., 2018) boundary conditions. To achieve
non-zero slip velocity, the various slip conditions would be
captured via selecting different combination parameters. While
the mixed schemes of BSR and DSR are effective in in-
troducing slip velocity along straight walls, their accuracy
diminishes when simulating curved boundaries due to the
non-local computation inherent to the SR component within
these mixed approaches (Tao and Guo, 2015). This has been
observed in the work performed by several researchers for the
fluid flow with different slip boundaries in the LB community
(Tao et al., 2017; Wang et al., 2021).

From the recent studies, the DBB boundary conditions
are only used for single-phase flow, which is not suit-
able for MCMP slip flow in the nanoporous medium. This
work presents the development of a novel multicomponent-
multiphase multiple-relaxation-time lattice Boltzmann method
(MCMP-MRT-LBM) coupled with a combined slip bound-
ary condition, aimed at investigating two-phase slip flow
behaviors. This innovative boundary condition results from
the adjustment of conventional parameters in the diffusive
Maxwellian reflection and half-way bounce-back scheme
(HDBB), incorporating an enforced conservation requirement.
Thereafter, the simulations for the layer, slug, and droplet
types of two-phase flow in single pores, and two-phase flow in
nanoporous media with complex wall geometries are adopted
to verify the proposed model for simulating MCMP flow in
the nanoporous medium with the non-zero slip velocity. To
parameterize the effect of slip in single pores and nanoporous
media, the slip length as a common way is adopted in this
paper.
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2. Multiple-relaxation-time LBM
In the LB community, the fluid flow in the porous

medium is usually captured by the Bhatnagar-Gross-Krook
(BGK) model (Zachariah et al., 2019; Gharibi and Ashrafiza-
adeh, 2020; Parvan et al., 2020). However, the poor numerical
stability in the BGK model (d’Humières and Ginzburg, 2009),
especially with slip boundary conditions (Wang et al., 2021),
limits its applications. In this paper, the nanoscale MCMP
pseudopotential model is developed to capture two-phase slip
flow, and the MRT operator is adopted to maintain the stability
of the model. The MRT LB equation can be presented as
(Lallemand and Luo, 2000):

fσ ,α(x+ eα δt , t +δt)− fσ ,α(x, t)
=−M−1ΛM( fσ ,α(x, t)− f eq

σ ,α(x, t))+δtF ′
σ

(1)

where fσ ,α(x, t) is the distribution function of the component
σ , δt is the time step, eα is the discrete velocity at α direction
in the two-dimensional nine-velocity framework, Λ denotes
the relaxation diagonal matrix, and F ′

σ is the external force
of the component σ . The transformation matrix M can be
presented as:

M =



1 1 1 1 1 1 1 1 1

−4 −1 −1 −1 −1 2 2 2 2

4 −2 −2 −2 −2 1 1 1 1

0 1 0 −1 0 1 −1 −1 1

0 −2 0 2 0 1 −1 −1 1

0 0 1 0 −1 1 1 −1 −1

0 0 −2 0 2 1 1 −1 −1

0 1 −1 1 −1 0 0 0 0

0 0 0 0 0 1 −1 1 −1



(2)

The relaxation diagonal matrix Λ can be expressed as:

Λ= diag(s0,s1,s2,s3,s4,s5,s6,s7,s8) (3)
where s7 = s8 = 1/τ depends on the kinematic viscosity,
τ denotes the dimensional relaxation time, and the residual
free parameters are defined as follows herein: s3 = s5 = 1,
and s1 = s2 = s4 = s6 = 1.1. As a means of maintaining a
continuous and smooth velocity profile across the interface,
the relaxation parameters s7 and s8 across the interface are
modified by Ba et al. (2016):

s7 = s8 =



1/τσ , ρN > ζ

ξ gσ

(
ρN

)
, ζ ≥ ρN > 0

ξ gσ ′
(
ρN

)
, 0 ≥ ρN ≥−ζ ′

1/τσ ′ , ρN <−ζ

(4)

where τσ and τσ ′ are the relaxation times of component σ and
σ ′ respectively, ξ controls liquid-liquid velocity continuity, ζ

is an adjustable parameter related to the interface thickness

and equals 0.8 in this paper. ρN = (ρσ −ρσ ′)/(ρσ +ρσ ′) is the
phase-field equation characterizing the interfacial region, and
for the pseudopotential model, the thickness of the interfacial
area is roughly 6-10 lattice units (lu) (Yang and Boek, 2013).
For the oil and water phase, there is a certain physical interface
thickness of about 0.7 nm (Wang et al., 2019). gσ and g

σ
′ are

parabolic functions given by Reis and Phillips (2007).
By considering the transformation matrix M, Eq. (1) is

revised in the form of the moments:

m∗
σ ,α = mσ ,α −Λ

(
mσ ,α −meq

σ ,α

)
+δt

(
I− Λ

2

)
Sσ (5)

where mσ ,α =M fσ ,α , meq
σ ,α =M f eq

σ ,α are the moments and the
equilibria of moments, fσ ,α (x+ eα δt , t +δt)= f ∗σ ,α (x, t) is the
streaming process, f ∗σ ,α denotes the post-collision equation,
and f ∗σ ,α = M−1m∗

σ ,α . I represents the unit tensor.
The forcing term at the moment space is defined by Li et

al. (2013):

Sσ =



0

6
(
ueq

x Fσ ,x +ueq
y Fσ ,y

)
−6

(
ueq

x Fσ ,x +ueq
y Fσ ,y

)
Fσ ,x

−Fσ ,x

Fσ ,y

−Fσ ,y

2
(
ueq

x Fσ ,x −ueq
y Fσ ,y

)
(
ueq

x Fσ ,y +ueq
y Fσ ,x

)



(6)

where Fσ = (Fσ ,x,Fσ ,y) is the external total force, and Fσ =
Fσ ,int +Fσ ,ads +Fσ ,b. Fσ ,int denotes the interaction force be-
tween two different components, Fσ ,ads represents the adhesion
force between each component and the solid, and Fσ ,b is the
force imposing on the body of each component. For MCMP
flow, each force term can be presented as:

Fσ ,int (x, t) =−G
σσ

′ ψσ (x, t)∑
α

w
(
|eα |2

)
ψ

σ
′ (x+ eα δt)eα

(7)

Fσ ,ads (x, t) =−Gσsψσ (x, t)∑
α

w
(
|eα |2

)
s(x+ eα δt)eα (8)

Fσ ,b =
(
Fσ ,b,x,Fσ ,b,y

)
(9)

where G
σσ

′ represents the strength of the interaction be-
tween different components, σ

′
represent the other phase

compared to σ , Gσs denotes the strength of the interaction
between each component and the solid. ψσ = 1− exp(−ρσ )
expresses the pseudopotential in the pseudopotential model,
and ρσ = ∑α fσ ,α is macroscopic density. s(x+ eα δt) is a
switch function to classify the different phase nodes, it equals
zero for the liquid node and unity for the solid node. w

(
|eα |2

)
denotes the weight coefficient at α direction for calculating
each force term:
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Fig. 1. (a) The relationship between ∆p and 1/R and (b) the effect of ξ on the surface tension.

w
(
|eα |2

)
=


1
3
, |eα |2 = 1

1
12

, |eα |2 = 2
(10)

The equilibria of moments meq
σ is given by (Lallemand and

Luo, 2000; Yang et al., 2020):

meq
σ =ρσ

[
1,−2+3

(
ueq2

x +ueq2

y

)
,1−3

(
ueq2

x +ueq2

y

)
,

ueq
x ,−ueq

x ,ueq
y ,−ueq

y ,ueq2

x −ueq2

y ,ueq
x ueq

y

]T (11)

In MCMP-MRT-LBM, the equilibrium velocity is calcu-
lated as:

ueq =
(
ueq

x ,ueq
y
)
=

∑
σ

ρσ uσ

∑
σ

ρσ

(12)

The velocity uσ of the component σ can be expressed by:

ρσ uσ = ∑
α

eα fσ ,α +0.5δtFσ (13)

The HDBB boundary for the slip flow is adopted to obtain
the unknown distribution functions, which is solved:

fσ ,α = (1− rσ )
−

f
σ ,

−
α
+ rσ f eq

σ ,α (uwall) (14)

where
−

f
σ ,

−
α

denotes the post-collision distribution function in
reverse directions. uwall represents the velocity of the solid
wall and equals zero herein, rσ characterizes the degree of the
slip of the component σ .

The equilibrium distribution function for each component
f eq
σ ,α is expressed as:

f eq
σ ,α (ρσ ,ueq)=wα ρσ

[
1+

eα ·ueq

c2
s

+
(eα ·ueq)2

2c4
s

−ueq2

2c2
s

]
(15)

where wα denotes the weight and can be expressed as:
w0 = 4/9, w1−4 = 1/9, w5−8 = 1/36.

In our previous work (Wang et al., 2021), this combina-
tion boundary condition was adopted to investigate single-
phase flow in the nanoporous medium. Compared with single-

phase flow, capturing MCMP slip flow by utilizing the
HDBB boundary does not satisfy mass conservation. To avoid
this problem, the conventional combination parameter rσ is
modified by adding a forced conservation condition cσ =[

∑
α

s(x+ eα δt)
−

f
σ ,

−
α

]
/

[
∑
α

s(x+ eα δt) f eq
σ ,α (uwall)

]
:

fσ ,α = (1− rσ )
−

f
σ ,

−
α
+ rσ cσ f eq

σ ,α (uwall) (16)

Due to the nature of the pseudopotential model, a small
amount of component σ ′ would exist in component σ . The
slip boundary conditions of the component σ ′ in component
σ can be expressed according to the equation for component
σ :

f
σ
′
,α

= (1− rσ )
−

f
σ
′
,
−
α
+ rσ c

σ
′ f eq

σ
′
,α
(uwall) (17)

3. Model verification
Laplace’s law and contact angle test are used to verify

that the two-phase pseudopotential model herein is correct.
The innovation of the proposed model is two-phase slip flow
on the solid wall. Therefore, the proposed model should also
demonstrate that it can achieve different two-phase boundary
slip velocities, which is emphasized in Section. 4.

3.1 Laplace’s law
Satisfying Laplace’s law is a common way to verify

MCMP-MRT-LBM. Initially, a static liquid droplet with var-
ious radii is initialized in the middle of the domain with
100×100 lattices. The surface tension (γ) between two phases
is up to the pressure difference (pin − pout ) and the droplet
radius (R):

∆p = pin − pout =
γ

R
(18)

For the MCMP system, the pressure of the liquid can be
defined by:

p = c2
s
(
ρσ +ρ

σ
′
)
+ c2

s G
σσ

′ ψσ ψ
σ
′ (19)

Fig. 1(a) illustrates the relationship between ∆p and 1/R,
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which means that the simulated outcomes are consistent with
the theory. The slopes of the fitting lines represent the surface
tension in lu. With an increase in liquid-liquid interaction
force, the lattice surface tension increases. In addition, the
G

σσ
′ = 2.5 is used in the following simulations and discus-

sions. In Eq. (4), an adjustable parameter ξ is applied, and
it has small effects on the surface tension as depicted in Fig.
1(b). Therefore, in this work, it is deemed that the surface
tension is independent of the parameter ξ .

3.2 Contact angle test
The solid density is set to 0.5, and adjusting Gσs can

achieve different contact angles. First, one phase shaped in
a rectangular geometry is placed on a solid wall in a two-
dimensional domain. Due to solid-liquid and liquid-liquid
interactions, the liquid gradually transforms into a droplet on
the solid, and the contact angle is solved by the profile of
the droplet (Schmieschek and Harting, 2011). The different
contact angles could be achieved by changing Gσs as depicted
in Fig. 2. Additionally, with different slip boundary conditions,
the corresponding relationships between Gσs and contact an-
gles are different. Therefore, when the different slip lengths
are applied in the simulations, the appropriate contact angle
needs to be properly re-selected.

4. Results and discussion
When the two-phase liquid flows in a single pore, the flow

patterns include layered flow, slug flow, and droplet flow. Also,
the two-phase flow with random phase distributions in oil
reservoirs is very prevalent. In this part, the two-phase flow
in a single pore with different phase distributions and slip
boundary conditions is elaborately simulated and discussed.
In this simulation, a series of the constant external body
force (Fb,x = 1× 10−5, Fb,x = 5× 10−5, and Fb,x = 1× 10−3)
along the x direction is used. The HDBB boundary with
different combination parameters is used for the solid wall,
and the periodic condition is adopted at both the left and right
boundaries.

4.1 Layered two-phase slip flow
First, the classical two-phase layered slip flow behaviors

are discussed. As represented in Fig. 3, the two-phase layered
flow models are developed.

For the first case, the theoretical equation is utilized to
verify the rationality of the proposed model, and the velocity
equations of the interfacial and bulk liquid are shown as
follows:

u(y) =


y(H − y)Fb,x

2µσ

+C1, 0 ≤ y ≤ δ and H −δ ≤ y ≤ H

y(H − y)Fb,x

2µσ ′
+C2, δ ≤ y ≤ H −δ

(20)
where u(y) is the velocity along y axis, y is the location along
y axis, H is the height of pore, µ is the viscosity of each
component, C1 and C2 are the parameters depending on the
slip length ls.

Fig. 2. The relationship between the contact angle and Gσs
with different combination parameters.

The continuity of the velocity between the two phases can
be guaranteed based on the boundary conditions as indicated
in Fig. 3(c), which are expressed as (Wang et al., 2019):

ls
∂uσ

∂y
|y=0 = uσ |y=0 (21)

uσ |y=δ = u
σ
′ |y=δ (22)

According to Eqs. (21) and (22), the parameters C1 and C2
can be obtained, and the velocities of phase σ and σ

′
can be

defined as:

u(y)
Fb,x

=



y(H − y)
2µσ

+
lsH
2µσ

, 0 ≤ y ≤ δ and H −δ ≤ y ≤ H

y(H − y)
2µ

σ
′

+
1

2µσ

(
Hδ −δ

2
)
− 1

2µ
σ
′

(
Hδ −δ

2
)

+
lsH
2µσ

,δ ≤ y ≤ H −δ

(23)

In the simulations, the thickness of the interfacial region
is around 6 lu. Based on Eq. (4), a continuous and smooth
velocity profile across the interfacial region can be maintained.
Fig. 4 shows the smooth velocity profiles with different
slip boundary conditions and viscosity ratios. From velocity
profiles with zero slip velocity (r = 0) in Figs. 4(a) and 4(b),
the results calculated by analytical equations fit well with that
obtained by LBM. With a combination parameter r equaling
1.9, the non-zero slip velocity is simulated, as depicted in
Figs. 4(c) and 4(d). Based on the analytical equations, the slip
length ls is modified to fit the simulated velocities. With the
slip length ls equaling 50.5 and 25.6 in Figs. 4(c) and 4(d), the
velocities calculated by analytical equations are in agreement
with that obtained by LBM. For the two-phase layered flow
model in Fig. 3(b), the velocity distributions with different slip
lengths are given in Fig. 5. From Fig. 5(a), with an increasing
combination parameter of the phase σ

′
, the slip velocity on the

solid wall increases. Additionally, the slip velocity of phase σ

can also be affected by the increasing combination parameter
of the phase σ

′
. Fig. 5(b) shows similar results. It means that

the proposed model can readily capture the multiphase flow
with the different slip conditions for each phase.
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Fig. 3. Two-phase layered flow models for different phase distributions for (a) and (b), and schematic of the slip velocity (c),
which is revised from Berg et al. (2008)’s work.
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Fig. 4. Velocities with different slip boundary conditions and viscosity ratios of layered flow model ’A’. In (a) and (c),
µσ/µ

σ
′ = 0.5, in (b) and (d), µσ/µ

σ
′ = 2.

4.2 Characterization of the slip length
As shown in Section 4.1, with combination parameter r

equaling 1.9, we can determine the slip length ls equaling 50.5
with µσ/µ

σ
′ = 0.5 by analytical fitting. Therefore, the depen-

dence of the slip length ls on the combination parameter r can
be quantitatively characterized. With a constant combination
parameter, the velocity of the two-phase flow can be obtained.
The slip length can be fitted through the analytical Eq. (23).
Under the layered flow model in Fig. 3(a), the relationships

among the combination parameter, the slip length, and Gσs
are acquired as depicted in Fig. 6. The calculated slip length
increases with the increment of the combination parameter.
With the decrease of the water wettability, the slip length grad-
ually increases from ls = 0.41/(1+ cosθ)2 (Wu et al., 2017).
The same results are obtained from our simulations with
an increasing solid-liquid interaction parameter Gσs (Fig. 6)
where the contact angle of phase σ increases which indicates
the decrease of the phase σ wettability, consequently the slip
length increases. It confirms that the wettability effects on the
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Fig. 5. Velocities with different slip boundary conditions of a layered flow model ’B’. (a) Different slip boundary conditions
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Fig. 6. Combination parameters versus the slip length under
different solid-liquid interaction parameters.

slip velocity can be investigated by our model, the relationship
between Gσs and the wettability is indicated in Fig. 2.

4.3 Two-phase slip slug flow
The slug flow behaviors under different slip boundary

conditions are analyzed in this section. The static two-phase
distribution is shown in Fig. 7(a) for a constant contact angle
of phase σ and phase σ

′
. Exerting a constant external body

force Fb,x = 5×10−5, the dynamics phase distribution is shown
in Fig. 7(b).

The velocity profiles of phase σ and phase σ
′

are captured
under four slip boundary conditions as shown in Fig. 8. When
the combination parameters equal zero, the boundary velocity
is zero. Initiating the combination parameters of two phases
equaling 1.9 and 1.9, or 1.9 and 0, velocity profiles are
parabolic with a non-zero slip velocity. The slip boundary
results in a decreasing hydrodynamic resistance of liquid flow
through the pore, which means that the velocity significantly
increases.

4.4 Liquid droplet flow on the solid wall and
two-phase flow in porous media

The flow of droplets across pore walls is simulated in this
section, and the phase distributions of droplets with different
combination parameters are given in Fig. 9.

The flow capacity of the droplet increases when the slip
boundary conditions are implemented. The random phase
distribution of two phases in porous media with slip boundary
conditions is also investigated. The two phases are randomly
initialized in the porous medium and separated gradually due
to the interfacial force between different phases. By exerting
a constant external body force Fb,x = 1× 10−3 and the slip
boundary conditions (rσ = 1.9,r

σ
′ = 1.9), the two-phase slip

flow on the complex wall geometry is implemented. The two-
phase distributions versus time are shown in Fig. 10.

To explore the effects of slip boundary on relative per-
meability and flow capacity, first, different slip boundary
conditions of component σ (rσ = 0,rσ = 1.5,rσ = 1.9) and
a constant slip boundary condition of the component σ

′

(r
σ
′ = 1.9) are selected. The slip length increases with the

increment of rσ . The volume flux Qσ of component σ under
different boundary conditions is calculated by Eq. (24). With
the increment of slip length, the volume flux gradually grows
as depicted in Fig. 11(a) indicating the gradual growth of flow
capacity of component σ . The relative permeability can be
calculated by Eqs. (25) and (26). From Fig. 11(b), the results
demonstrate that the slip boundary condition has irregular
effects on the relative permeability of component σ based on
the selected porous media:

Qσ (Sσ ) =

∫ tσ
|y|=0 uσ dy

Nx
(24)

krσ (Sσ ) =

∫ tσ
|y|=0 uσ dy∫ t
|y|=0 uσ dy

(25)
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(a) (b)

Phase σ Phase σ'Phase σ' Flow direction

Fig. 7. Schematic of the two-phase slug flow. (a) Static phase distribution, (b) dynamic phase distribution, and µσ/µ
σ
′ = 2.
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for (c) and rσ = 1.9,r
σ
′ = 1.9 for (d).
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Fig. 9. The phase distribution of liquid droplet flow on the pore
wall with different boundary conditions in the same simulated
period, where the red denotes the component σ , and the blue
represents the component σ ′.

krσ
′ (Sσ ) =

∫ t
σ
′

|y|=0 u
σ
′ dy∫ t

|y|=0 u
σ
′ dy

(26)

where krσ and krσ
′ are the relative permeability, t is the total

lattice, uσ and u
σ
′ are the velocity in each lattice, Nx is lattice

number in x direction. The proposed model can simulate two-
phase slip flow with different boundary slip lengths in porous
media. Compared with the theory or MDS, this kind of pore-
scale model can handle the slip effect not only in a single pore
but also in nanoporous media which is more general in most
applications.

5. Conclusions
A novel mesoscopic LBM for two-phase flow in nanoscale

space considering the boundary conditions of non-zero slip
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lt = 100 lt = 1200 lt = 10000 lt = 11000

Fig. 10. The phase distribution of liquids with the slip boundary condition (rσ = 1.9,r
σ
′ = 1.9). The black represents the solid.

lt is the lattice time. The computational domain is Nx = 300 for length and Ny = 300 for width.
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Fig. 11. (a) Volume flux and (b) relative permeability with changes in the saturation under different slip boundary conditions.

velocity is developed. This is done by modifying the conven-
tional combination parameter of the HDBB boundary consid-
ering a forced conservation condition. It can capture the slip
effect in both nanopores and nanoporous media to give an in-
depth understanding of multiphase flow in shale oil reservoirs
and other applications in the nanospace.

According to the analysis of the two-phase flow simula-
tions for the layer, slug, and droplet types in single pores, and
two-phase flow in the porous medium with complex geometry,
it is observed that the proposed schemes of two-phase slip
boundary conditions are particularly suitable for MCMP flow
with a non-zero slip velocity. The slip effects on volume flux
and relative permeability are also elaborated, and the results
indicate that the slip boundary can promote the liquid flow
capacity. However, the slip effects on relative permeability are
irregular and up to selected porous media. While promising
results are obtained, the novel model could be applied to
simulate oil, gas, and water flow in nanoscale space and
calculate the relative permeability.
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