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Abstract:
The effect of wellbore pressure drop on horizontal well pressure response is relatively
important when flow velocity is high or the surface of horizontal wellbore is rough. The
objective of this study is to develop a stable and robust algorithm in Laplace domain
to analyze horizontal-well pressure with pressure drop along the wellbore. Based on the
novel definitions of horizontal well permeability and conductivity, the equation of fluid
flow along a horizontal wellbore with pressure drop has the same form as that of fluid
flow in a varying-conductivity fracture. A new dimension transformation has been used
to change the varying-conductivity model into a constant-conductivity model, and then an
iterative procedure has been introduced to obtain the pressure. This algorithm is developed
in Laplace domain and eliminates the need for computations in the time domain. Besides,
the skin effect and wellbore storage is easily to be taken into consideration.

1. Introduction
As an efficient stimulation technique, horizontal-well com-

pletion plays an increasingly significant role in conventional
and unconventional resources exploitation to improve well
productivity and recovery (Abbasy et al., 2008; Birtt et al.,
2010; Wang et al., 2017; Liu et al., 2018; Luo et al., 2018b).
Horizontal well can transform the radial flow into linear flow,
which can enhance availability of the reservoir energy during
production and enlarge well drainage area (Wang et al., 2014;
Luo et al., 2018c).

It is a common practice to use transient pressure test to
evaluate reservoir and well parameters. There are a lot of
studies have been done to develop the mathematical models
to obtain horizontal-well transient pressure and productivity
(Giger et al., 1984; Goode and Thambynayagam, 1987; Joshi,
1988; Mutalik, 1988; Babu and Odeh, 1989; Al-Haddad and
Crafton, 1991; Goode, 1991; Cho, 2003; Adesina et al., 2007;
Wang and Economides, 2009; Luo et al., 2014; Luo and Tang,
2015; Chen et al., 2017; Li et al., 2017). These models do
not take the pressure drop due to roughness along the surface

of the horizontal wellbore into account. Horizontal wells are
usually idealized as infinite-conductivity wellbores (Daviau et
al., 1985; Clonts and Ramey, 1986), which is reasonable while
the magnitude of the pressure drop in the wellbore is negligibly
small compared with that in the reservoir.

However, frictional and accelerational pressure drop is
dominant for the long horizontal well with high production
rate. Thus, ignoring the pressure drop may lead to unrealistic
results. Many papers have been reported to study the effect
of pressure drop on horizontal-well pressure responses and
productivity performances. Dikken (1990) was the first to
investigate the effect of pressure drop in the horizontal well
on the production performance. His study demonstrated the
fact that the pressure drop in a horizontal wellbore may be
significant under certain conditions. However, Dikken assumed
that productivity index of flow from the reservoir into the
horizontal wellbore was constant along the wellbore. Sarica
et al. (1994) extended this model to single-phase gas flow and
studied the effect of wellbore hydraulics on transient pressure
response and productivity of horizontal wells in gas reservoirs.
Novy (1995) improved the model proposed by Dikken (1990)
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Fig. 1. Schematic of a horizontal-well-reservoir.

and provided criteria for the selection of reasonable horizontal
length. Rested on the assumptions of steady-state flow in
the reservoir and constant productivity index per unit of
wellbore length, Dikken’s correlation overestimates the effect
of the friction with rough wall (Ozkan et al., 1995). These
approximate models do not rigorously couple the wellbore
and reservoir, which may lead to unrealistic conclusion on
the effect of wellbore hydraulics. Ozkan et al. (1995, 1999)
presented a comprehensive model that couples wellbore and
reservoir hydraulics for the single-phase flow of a slightly
compressible liquid. Ozkan et al.’s method is a more rigorous
mathematical model which can account for different flow
regimes (laminar and turbulent) and friction loss. Hill and Zhu
(2006) showed how the relative importance of the pressure
drop in the wellbore compared with in the reservoir and
developed dimensionless groups to calculate the pressure drop
in the wellbore. Recently, Yue et al. (2014) have developed a
method for the optimization of perforation parameters con-
sidering pressure drop along horizontal wellbore. Chen et al.
(2017) proposed a new model for pressure transient analysis
in multiple-fractured horizontal well with consideration of
pressure drop along the wellbore. Luo et al. (2018a) developed
a semi-analytical mode to calculate the productivity index
of a horizontal well with pressure drop along the wellbore.
However, the pressure analysis method considering pressure
drop due to turbulence in Laplace domain has not been
reported.

As stated above, these models are proposed in time domain
and computed with time and space discretization. In fact, the
Laplace solutions are most popular in engineering calculation
due to its convenience incorporating into the effect of skin
factor and storage in wellbore and less cost of computation
without time discretization. In this paper, we are attempting
to develop a new algorithm in the Laplace domain for transient
pressure analysis of horizontal well with respect to both
laminar and turbulent flow in the wellbore. Also, the effects
of wellbore storage and skin damage can also be incorporated
in the new method, since all solutions are formulated in the
Laplace domain.

2. Physical model and assumptions
In this study, we use the physical model proposed by Ozkan

et al. (1995, 1999). The details of the physical model are
elaborated as follows (Fig. 1):

(1) No-flow boundary condition is applied in the lateral
direction (x and y direction) and impermeable at the top (z
= 0) and bottom (z = h) boundaries. It is homogenous with
porosity (ϕ) and permeability (k).

(2) The flow in the reservoir is assumed to be single phase,
isothermal, slightly compressible fluid with compressibility
(c), viscosity (µ) and density (ρ).

(3) The horizontal wellbore extends, horizontally, in the
x direction and is located at elevation (zw) from the bottom
boundary of the reservoir. The wellbore is of length (Lh),
radius (rw), and roughness (ε) on its surface.

(4) The well is produced at the heel under constant rate (q),
while no flow is assumed across the toe of the well. The flow
from the reservoir into wellbore is assumed to be continuous
along the well length at a rate strength q̃h(x, t), which yields:

q̃h(x, t) =−
∂qhc

∂x
(1)

where qhc(x, t) is flow within the wellbore. It is assumed to
be 1-Dimensionel steady flow in the wellbore.

3. Definitions
For the sake of simplicity, the dimensionless variables are

presented in Appendix A.
The Reynolds number is defined as:

NRe(x) =CRe
ρ ·qhc(x)

µrw
(2)

with:

CRe = 6.157×10−2 (3)

In this study, the flow regime in the wellbore may be
laminar, transitional or turbulent, depending on the value of
Reynolds number. Furthermore, the fanning friction factor can
be calculated based on Colebrook equation (Colebrook et al.,
1939) as following:

f (x) =
1[

1.14−2log
(

ε

d +
21.25

NRe(x)0.9

)]2 (4)
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We define horizontal-well permeability, kh(x), as:

kh(x) = 1.88227×1014×
(

r2
w

f (x)NRe(x)

)
(5)

According to Ozkan et al.’s definition for equivalent-
wellbore permeability:

kw = 1.17642×1013 · r2
w (6)

Eq. (5) can be written into:

kh(x) = kw×
(

16
f (x)NRe(x)

)
(7)

The horizontal-well conductivity can also be defined as:

ChD(x) =
kh(x)Ac

khLre f
=ChD×

(
16

f (x)NRe(x)

)
(8)

where, ChD is a constant defined by Ozkan et al. (1995 and
1999).

ChD =
kwAc

khLre f
(9)

Ac in Eqs. (8) and (9) denotes cross-sectional area of
wellbore.

Note that the horizontal-well permeability, kh(x), and
horizontal-well conductivity, ChD(x), are new variables defined
in this study. Although they are analogous to Ozkan et al.’s
definition in form, they are not CONSTANT but changing
spatially.

4. Mathematical models
Under the assumption of 1D steady state flow in a hori-

zontal wellbore, we have:

d ph

dx
=CE

ρ

π2r5
w
· f ·q2

hc (10)

with:

CE = 9.117×10−13 (11)

Substituting Eq. (2) into Eq. (10) and implementing the
dimensionless transform, we have:

CRe×2×π2×141.2
CE

r2
w

f (x)NRe(x)

(
Ac

khLre f

)
d phD

dxD

=−qhcD ·2π

(12)

Substituting Eqs. (7) and (8) into Eq. (12), the following
equation for horizontal well in dimensionless form is ob-
tained:

ChD(xD) ·
d phD
dxD

=−2π ·qhcD (13)

with boundary conditions:(
d phD

dxD

)
xD=0

=−
(

2π

ChD

)
, 0≤ xD ≤ 2 (14)

(
d phD

dxD

)
xD=2

= 0 (15)

Note that Eq. (13) has the same form as the one for
varying-conductivity fracture proposed by Luo and Tang
(2015).

5. Semi-analytical Solution

5.1 Dimension transformation

We firstly define a dimension transformation as follow:

ξD = ξD(xD) = ĈhD ·
∫ xD

0

dxD

ChD(xD)
(16)

where:

ĈhD =
1∫ 2

0
dxD

ChD(xD)

, xD ∈ [0,2] (17)

Note that ĈhD is CONSTANT.
Substituting Eq. (16) into Eq. (13) and integrating Eq. (13)

with the boundary conditions, the solution can be expressed
as in Laplace domain:

pwD− phD(ξD)

=

(
2π

ĈhD

)
·
(

ξD−
∫

ξD

0

∫ uD

0
q̃(vD)dvDduD

) (18)

The overline “-” indicates variables in Laplace domain.
It is worthy to note that Eq. (18) has the same form as
the discretization equation of a vertical fracture (Ozkan and
Raghavan, 1991; Luo and Tang, 2015). Based on our work, we
build bridges between the horizontal well and vertical fracture.
Thus, the solutions used for vertical fracture can be introduced
to handle the issue of horizontal well with pressure drop along
the wellbore.

For the flow in the horizontal wellbore, Eq. (18) can
be written into the discretization form in Laplace domain
(Appendix B):

pwD − phDi =

(
2π

ĈhD

)
·

[
ξDi ·

N

∑
j=1

qhD j−
(ξDi−ξDi−1/2)

2

2 ·∆ξDi
·qhDi−

i−1

∑
j=1

(
∆ξD j

2
+ξDi−

j

∑
n=1

∆ξDn

)
·qhD j

]
(19)
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Fig. 2. Algorithm for computation of horizontal-well pressure.

Where:

phDi =
N

∑
j=1

qhDi · spuDi j (20)

puD is the uniform-flux pressure solution for horizontal well.
As stated in Eqs. (19) and (20), there are N+1 unknown

variables with N+1 equations. Thus, Eq. (19) can be solved
by Gauss elimination method.

5.2 Iterative procedure

Note that the variable ξD in Eq. (16) is a function of the
variable xD and depends on the distribution of conductivity
ChD(xD). According to our dimensionless definitions, ChD(xD)
varies with the value of qhc(x). However, the value of qhc(x)
is unknown. Thus, at each time step, an iterative procedure is
repeated until the wellbore pressure convergence is achieved.

ChD(xD,qk
hcD) ·

d phD

dxD
=−2π ·qk+1

hcD (21)

The algorithm for computation of horizontal-well pressure
is presented in Fig. 2. The detailed procedures are illustrated
as follows:

Step 1: Model inputs: reservoir parameters, horizontal well
parameters.

Step 2: k = 0: calculating ChD (Eq. (9)) and solving Eq. (19)
obtaining the initial pressure at heel (pwD)

0 and distributions
of flow rate (qhcDi)

0 along the wellbore.
Step 3: k = 1: calculating the ( f NRe)

1 with Eqs. (1) and
(3) using (qhcDi)

0 to obtain the distributions of ( f NRe)
1 along

the wellbore. Calculating ChD(x) (Eq. (8)) and obtaining the
spatially distribution of (ChDi)

1; calculating (ĈhD)
1 (Eq. (17))

and solve Eq. (19) obtaining (pwD)
1, (qhcDi)

1; setting the error,
ε. If

∣∣(pwD)
1− (pwD)

0
∣∣ < ε , end.

Step 4: k = 2: If
∣∣(pwD)

1− (pwD)
0
∣∣ > ε , repeating Step 3.

Using (qhcDi)
1 to calculate (ChDi)

2, (ĈhD)
2, (pwD)

2, (qhcDi)
2.

If
∣∣(pwD)

2− (pwD)
1
∣∣ < ε , end. If

∣∣(pwD)
2− (pwD)

1
∣∣ > ε ,

repeating Step 3.
· · ·
Step M: k = N: If

∣∣(pwD)
N− (pwD)

N−1
∣∣ > ε , repeating

Step 3. Using (qhcDi)
N to calculate (ChDi)

N , (ĈhD)
N , (pwD)

N ,
(qhcDi)

N . When
∣∣(pwD)

N− (pwD)
N−1
∣∣ < ε , end.

6. Validations

6.1 Pressure solutions without Wellbore Storage and
Skin Factor

To validate the new algorithm, the transient pressure solu-
tions obtained in this study are compared with results reported
in the literature (Ozkan et al., 1989, 1995). The comparisons
are presented in Figs. 3 and 4.

As shown in Fig. 3, the variable of interest is the dimen-
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Fig. 3. Comparisons of transient pressure solutions from the new method with solutions from Ozkan et al. (1989) (SPE16378, Fig. 2).
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Fig. 4. Results comparison (rwD = rw/h) (SPE24683, Fig. 9) (Laminar flow and turbulent flow in horizontal wellbores).

sionless horizontal-well length, LD = 1 and 10, respectively.
The well locates at the reservoir mid-height (zwD = 0.5) and
rwD = 10−4. The bottom curve in Fig. 3 is the response of
a fully penetrating vertically fractured well. Fig. 3 shows that
the LD ≥ 10 solutions are indistinguishable from the vertically
fractured well solution (on log-log coordinates) for tD ≥ 1.
That is, the pressure response of long horizontal wells are
almost identical to the responses for vertically fractured wells
at long times, which is coincidence with Ozkan et al.’s views.

Fig. 4 shows that the effect of NRe and ChD on the pressure
responses. By comparing the results with the presented litera-
tures Ozkan et al. (1995), the new model is also verified. The
solutions agree very well with those reported in the literature

by Ozkan et al. (1995).

6.2 Pressure solutions with Wellbore Storage and
Skin Factor

Since our semi-analytical solution is developed in Laplace
space, the solution accounting for wellbore storage effect can
be easily incorporated as following equation:

pwD =
spowD

1+CDs2 powD
=

spowD

1+ sCD · spowD
(22)

With skin factor considered, the continuity condition of
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Fig. 5. The effect of wellbore storage and skin.
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Fig. 6. Results comparison of the influence of skin effect (CD = 0).

pressure on the surface of horizontal wellbore yields:

phDi = pDi +qhDi ·Shi, i = 1,2, · · · ,N (23)

In Figs. 5 and 6, we present the transient pressure response
under different skin factor.

7. Conclusions
In conclusion, the objective of this study is to develop

a stable and robust algorithm in Laplace domain to analyze
horizontal-well pressure response with pressure drop along
the wellbore due to surface roughness. Detailed considerations
of computational issues are an important contribution of this

work.
Two new variables, i.e., horizontal-well permeability and

conductivity, have been defined. Different from the definitions
by Ozkan et al. (1989, 1995), the variables are not constant but
changing spatially. By the utility of the new definitions, the
solution equation is analogous to finite conductivity vertically
fractured well.

Based on our study, the fluid flow along a horizontal well
with pressure drop can be expressed as a varying-conductivity
horizontal-well model which has the same form as the varying-
conductivity fracture. A new dimension transformation has
been used to change the varying-conductivity model into a
constant-conductivity model, and then an iterative procedure
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has been introduced to obtain the pressure. Basically, this
algorithm eliminates the need for computations in the real time
domain.

Nomenclature
Ac = cross-sectional area, ft2

B = volume factor, RB/STB
c = fluid compressibility, psi−1

CD = dimensionless wellbore storage coefficient
CE = constant coefficient, dimensionless
ChD(x) = dimensionless horizontal-well conductivity at

point x
ĈhD = dimensionless horizontal-well conductivity after

transformation
CRe = coefficient, dimensionless
ct = total compressibility, psi−1

d = wellbore diameter, ft
f = fanning friction factor
h = net pay, ft
k = permeability of drainage area, md
kh(x) = horizontal-well permeability at point x, md
kw = equivalent horizontal well permeability, md
ky = vertical rerservoir permeability, md
Lh = length of horizontal well, ft
Lre f = reference length, ft
NRe(x) = Reynolds number at point x
p = pressure, psi
pi = initial formation pressure, psi
ph = pressure in the horizontal well, psi
pw = wellbore pressure without strorage effect, psi
q = production rate, stb/day
qhc = cumulative flux in cross-sectional area, stb/day
qhcD = dimensionless cumulative flux in cross-sectional

area
q̃h = flow rate of per unit length from formation, i.e., flow

rate strength, stb/d/ft
qhDi = dimensionless flow rate of the i-th segment
rw = wellbore radius, ft
s = Laplace transformation variable, dimensionless
Sh = skin factor, dimensionless
t = production time, day
x = coordinate in the x direction, ft
xw = dimensionless wellbore coordinate in the x direction
x f = fracture half length, ft
y = coordinate in the y direction, ft
yw = dimensionless wellbore coordinate in the y direction
z = coordinate in the z direction, ft
zw = well location in the vertical interval, ft
ξD = spatial variable after transformation
ε = surface roughness, ft
ϕ = porosity, fraction
ρ = density of reservoir fluid, lbm/ft3

µ = fluid viscosity, cp

Subscripts
D = Dimensionless

h = horizontal-well property
i = initial or segment i
j = initial or segment j
t = total
w = wellbore property
v = vertical
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Appendix A: Dimensionless definitions of variables
For the sake of simplicity, we will present our solution in terms of the following dimensionless variables. The dimensionless

reservoir pressure pD, dimensionless wellbore pressure pwD and the horizontal-well pressure phD, are given, respectively, by:

pD =
kh(pi− p)
141.2µBq

,

pwD =
kh(pi− pw)

141.2µBq
, (A-1)

phD =
kh(pi− ph)

141.2µBq

The dimensionless time is:

tD =
2.637×10−4kt

φ µctL2
re f

(A-2)

The dimensionless distances xD, yD, zwD, LD and rwD are defined, respectively, by:

xD =
x

Lre f
(A-3)

yD =
y

Lre f
(A-4)

zwD =
zw

h
(A-5)

LD =
Lh

2h

√
kv

k
(A-6)

rwD =
rw

2h

[(
k
kv

)1/4

+

(
kv

k

)1/4
]

(A-7)

The relative well surface roughness is:

εD =
ε

2rw
(A-8)

The dimensionless rate strength q̃hD, dimensionless rate qhD and dimensionless cross-sectional rate qhcD are defined as:

q̃hD =
q̃hLre f

q
,

qhD =
qh

q
, (A-9)

qhcD =
qhc

q
=
∫ Lh

x

qh(x
′
, t)dx

′

q

In this paper, we define the reference length Lre f as:

Lre f =
Lh

2
(A-10)
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Appendix B: Discretization model of horizontal well with varying conductivity
The fluid flow along the horizontal well can be regarded as a varying-conductivity behavior. With respect to the assumption

of varying conductivities being a function of location, the conductivity of each segment is different (ChD1, ChD2, · · · , ChDN).
Based on our transformation method, the discretization model with equal length (∆x) and varying conductivities can be

changed into the model with unequal length (∆ξDi) and constant conductivities (Luo and Tang, 2015). It is assumed that the
flow rate for each segment is uniformly distributed. The cumulative flux distribution with the horizontal well, qhcD, varies from
point along the horizontal well. The flux distribution, qhcD, can be approximated at point ξD as follows:

qhcD(ξD) = qhcDi−1/2 +
qhcDi+1/2−qhcDi−1/2

∆ξDi
(ξD−ξDi−1/2),

ξDi−1/2 < ξD < ξDi+1/2 (B-1)

The flow rate of the segment i can be written as:

qhDi = qhcDi−1/2−qhcDi+1/2 (B-2)

Substituting Eq. (B-2) into Eq. (B-1) yields:

qhcD(ξD) = qhcDi−1/2−
qhDi

∆ξDi
(ξD−ξDi−1/2),

ξDi−1/2 < ξD < ξDi+1/2 (B-3)

By integrating the horizontal-well flow equation (Eq. (18)) for ξD between 0 to ξDi, we can obtain:

−
∫

ξDi

0

∂ phD

∂ξD
dξD =

(
2π

ĈhD

)
×
∫

ξDi

0
qhcD(ξD)dξD (B-4)

Evaluating Eq. (B-4) yields:

phD(0)− phD(ξDi) =

(
2π

ĈhD

)
·
∫

ξDi

0
qhcD(ξD)dξD =

(
2π

ĈhD

)
· I(ξDi) (B-5)

In this manner, a linear cumulative flux distribution is assumed that is a good approximation for large values of N. For
a horizontal-well system, qhcD varies from one at the wellbore to zero at the tip of the horizontal well. From Eq. (B-5), the
integrals can be evaluated separately, as follows:

I(ξDi) =
∫

ξDi

0
qhcD(ξD)dξD

=
∫

ξDi−1/2

0
qhcD(ξD)dξD +

∫
ξDi

ξDi−1/2

qhcD(ξD)dξD

=
∫

ξD1+1/2

ξD1−1/2

qhcD(ξD)dξD +
∫

ξD2+1/2

ξD2−1/2

qhcD(ξD)dξD + · · ·+
∫

ξDi−1+1/2

ξDi−1−1/2

qhcD(ξD)dξD +
∫

ξDi

ξDi−1/2

qhcD(ξD)dξD

(B-6)

Note that:

qhcDi−1/2 =
N

∑
j=1

qhD j−
i−1

∑
j=1

qhD j (B-7)

Substituting EqS. (B-7) and (B-3) into Eq. (B-6) and summing same term of qhDi:

I(ξDi) =ξDi ·
N

∑
j=1

qhD j−

[
i−1

∑
j=1

(
ξDi−

j

∑
n=1

∆ξDn

)
·qhD j

]

−

(
∆ξD1

2
·qhD1 + · · ·+

∆ξDi−1

2
·qhDi−1 +

(
ξDi−ξDi−1/2

)2

2 ·∆ξDi
·qhDi

) (B-8)
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Using the wellbore condition:

pwD = phD(0),

N

∑
j=1

qhD j = 1
(B-9)

Finally, the discretized form of Eq. (B-5) can be written as:

pwD− phDi =

(
2π

ĈhD

)
·

[
ξDi ·

N

∑
j=1

qhD j−
(ξDi−ξDi−1/2)

2

2 ·∆ξDi
·qhDi−

i−1

∑
j=1

(
∆ξD j

2
+ξDi−

j

∑
n=1

∆ξDn

)
·qhD j

]
(B-10)


